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ABSTRACT 

This paper analytical and numerical investigates the reverse 

cross relaxation parameter in differential rate equations of Tm-

doped tellurite material using differential geometry principles 

with different dopant concentrations. The comparison between 

analytical simulation and numerical simulation indicates that 

there is difference in calculations in case of neglect the reverse 

cross relaxation parameters in analytical modeling compared 

with the simulation which respects reverse cross relaxation 

parameter in numerical modeling. The difference is calculated 

for a set of samples with concentration level variations by a 

factor of 30 (0.36 mol% to 10 mol%). This paper shows also 

the impact of neglect the reverse cross relaxation parameter on 

the population of Tm-doped tellurite material. It indicates that 

the role of reverse crosses relaxation impacts according to 

pump intensity and energy level and it have a significant effect 

on the simulation of laser and amplifier devices.   
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1. INTRODUCTION 
Thulium (Tm3+) is an excellent candidate for infrared laser 

applications thanks to its broad emission spectrum at around 

1.8 micron, which makes it very appealing for several 

applications from precise cut and ablation of biological tissues 

to sensing applications [1-6]. Furthermore, Tm3+ has a 

significant property, which is cross-relaxation parameter 

(3H4,
3H6, 

3F4,
3F4) where two ions are promoted in the upper 

level of laser by every single pumping photon. This parameter 

significantly improves pumping quantum efficiency and lasing 

at 1.8 μm. Yet most of laser simulations do not consider, or do 

not directly measure, the reverse cross-relaxation parameter 

(3F4,
3F4,→

3H6,
3H4) that reduces the efficacy of cross-relaxation 

parameter. 

Despite the abundant evidences relating to lifetimes and cross-

sections, the parameters associated with ion-ion interactions 

(i.e., cross-relaxation and the reverse transfer process) [7-12] 

are more difficult to obtain or cannot be identified in a 

straightforward manner. It is especially notable that such 

parameters are typically unavailable as parameters, which 

undergo validation over a wide range of doping levels, and are 

thus unsuitable for doping level optimization. Some studies are 

published by the present authors, including [13],[14], have 

focused on the numerical investigation of the reverse transfer 

parameter in several samples of Tm-doped tellurite glass, and 

compare it with experiment data by accurate measurements and 

best set-up validated by fitting experimental fluorescence 

decay curves of both 3H4 and 3F4 levels. In those studies, the 

authors indicated that it is possible to fit a set of samples with 

doping level variations by a factor of 30 (0.36-10 mol%), 

where identical parameters are applied for every sample. In 

addition to this, it demonstrated that can be obtained the 

reverse cross-relaxation parameter. Noteworthy, those studies 

adopted a method that is an alternative approach to the one 

based on Kushida [15]. It defined a as the ratio between reverse 

and cross relaxation parameter and calculated it as of 0.03 (P22 

= a × P41), i.e. a was equal 3% in Ref. [13] .  

This paper calculates the reverse cross relaxation parameter by 

numerical modeling and analytical modeling (mathematics) to 

validate the results by compare the both simulation. This paper 

shows the deference in the two cases with and without the 

reverse cross relaxation parameter. It shows that should take 

into account the whole set of parameters including the reverse 

cross relaxation to obtain an accurate results and precise 

measurements.  

2. NUMERICAL MODELING  
The energy levels scheme is used with transitions that are 

shown in Fig. 1[8],[16]. 

 
Fig. 1: Lowest four energy levels of Tm-doped glass with 

the reverse cross relaxation. 
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Fig.1 shows the lowest four energy manifolds of Tm3+ ion. In 

the figure, the laser transition, the pump transition, and direct 

and reverse cross-relaxation processes are indicated, together 

with spontaneous decay paths. The corresponding set of 

differential rate equations is as follows: 
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where N1 ,N2 ,N3 and N4 are the population of the energy levels 
3H6 (ground level), 3F4 (upper laser level), 3H5 and 3H4 (pump 

level),  respectively; W14 ,W41 are  the pump rates,    the 

lifetime of the i-level, and     are branch ratios from the i- to  -

level [12]. The coefficients    describe the energy transfer 

processes: P41 (3H4, 
3H6 → 3F4, 

3F4) is the cross relaxation 

constant, which is proportional to doping level [9],[12], and P22 

(3F4,
3F4,→

3H6,
3H4) is the reverse cross-relaxation process 

constant, the investigation of which is the main aim of this 

study. This study use the model to calculate and assess the 

reverse cross relaxation of a set on Tellurite glass samples with 

doping levels ranging from 0.36 mol% to 10 mol%. Used 

numerical values are listed in Table 1. The pump cross section 

at 790 nm was taken from Ref [12] while the emission cross-

section was calculated using Ref [17]. 

Table 1:List of parameters used in the modeling 

         Parameters Symb

ol 

values Ref. 

Coefficient of Cross 

Relaxation  
Cr 

1.81*10-23 m3 s1 

mol-1 
[9] 

Pump wavelength     790 nm   

Cross Relaxation P41 
Mole *Cr (m3 s-

1 ) 

 

[9] 

Reverse of Cross 

relaxation 

 Relaxation 
 

P22 
0.03*P41  [13] 

Absorption pump cross-

section  
     8*10-25 m2

 [12] 

Emission pump cross-

section  
    2.2*10-25 m2

   [17] * 

Pump Intensity     1.3*103 W/cm2  

Branch ratio  

 
  

 3H4 
3H6 0.903

5    

[12] 

  
  

 3H4   3F4  0.076

2    

 [12] 

 
  

 3H4 
3H5 0.02   [12] 

 
  

 3H5 
3H6 0.979

3    

 [12] 

 
  

 3H5 
3F4 0.020

7  

 [12] 

*Calculated by McCumber equation from [17] 

While many parameters were either easily recalculated as 

lifetimes or taken by previous publications, as cross-relaxation 

constant or branching ratios, Authors had to investigate the 

reverse cross-relaxation process in order to complete the set of 

parameters and be able to use the set of Eq.1-4 to simulate Tm-

doped laser over a wide range of concentrations and evaluate 

the impact of reverse cross relaxation on the amount of pump 

power required to a given inversion. 

2.1 Numerical Methodology 
After defining the differential rate equations (1-4) and the 

values of the target parameters, the purpose of this section is to 

discuss the basic methods for the numerical solution of values 

and the behavior of populations, along with the value of the 

derivatives. Since the equations used in this paper have taken 

full parameters within differential geometry, including reverse 

cross-relaxation (P22), the solutions are expected to be 

complex. Therefore, it is noteworthy that for most complex 

differential equations, an analytical solution cannot be 

obtained, but a numerical solution can almost always be 

obtained. 

Using the MATLAB software, the used rate equations are 

solved numerically. It is notable that MATLAB contains many 

functions to solve differential equations, including ordinary 

differential equation (ODE) solvers and the fsolve function, 

each of which employs a different numerical method. These 

functions are usually sufficient for most problems. The first 

step is to define the function that calculates 
   

  
, 
   

  
 , 

   

  
, and  

   

  
 from the concentration of each sample in the steady state 

condition. In this model, fsolve with a special structure, 

namely, the “Levenberg-Marquardt algorithm” has been 

defined to solve the system of nonlinear equations and to find 

the values of the population numerically.  The second step, the 

initial values are defined separately, and the range for which 

the differential equations are solved is also defined within the 

function. The third step, the finite difference algorithm can be 

executed using the for loop in the following way: (for k = 

1:length (p)……… end) where p is pump power. In this way, it 

can be ensured that the iterations of the calculations will reach 

the required pump power value (i.e., 1 W), since p is increased 

by a factor of 1*10-4. Following this, the algorithm proceeds to 

the next iteration. The simulation is implemented and the 

results of concentrations against the pump power values are 

plotted (as shown in Figures 2 and 3 for the 3F4 and 3H4 

populations, respectively). 

 
Fig. 2: Numerical simulation of Populations of the 3F4 level 

vs. the pump power 
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Fig. 3: Numerical simulation of Populations of the 3H4 level 

vs. the pump power 

3. ANALYTICAL MODELING  
The analytical part of this paper used the same energy levels 

scheme and considered the same transitions with neglecting 

reverse cross-relaxation. 

 
Fig. 4: Lowest four energy levels of Tm-doped glass 

(reverse cross-relaxation) 

Fig. 4 shows the lowest four energy levels of the Tm3+ ion. In 

the figure, the laser transition, the pump transition, and cross-

relaxation process are indicated, together with spontaneous 

decay paths. The corresponding set of differential rate 

equations without the reverse cross relaxation parameters is 

follows: 
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Through solving the rate equations at steady state analytically, 

this research calculates the population values for each level 

(N1, N2, N3, N4) mathematically without considering the 

reverse cross-relaxation as follow: 

First of all let  

   
 

  
     

 

  
       

   
  

         
   
  

           
   
  

 

The values of N4 , N3 and N2 are 
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                            From Eq. (9), (10) and (11) in 

Eq. (12) 

 

         
      

   

 
     

            

 

  
   

   

 
     

            

   

  
   

   

 
 
   
  

      

            

  
 
   
  

      

            

 
     

            

 

To simply, let 
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By let  

                         

                                
   
  

           

                

Then using the general low to obtain N1  

   
            

   
      

Then the simulation is implemented and the results of 

concentrations against the pump power values are plotted 

analytically (as shown in Figures 5 and 6 for the 3F4 and 3H4 

populations, respectively). 
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Fig. 5: Analytical simulation of Populations of the 3F4 level 

vs. the pump power 

 
Fig. 6: Analytical simulation of Populations of the 3H4 level 

vs. the pump power 

4. VALIDATING OF SIMULATIONS  
This analytical method can be used to validate the numerical 

technique that was developed in section 2 when there is no 

reverse cross-relaxation. Therefore, it is compared with 

numerical simulation with the assumption of the reverse of 

cross-relaxation equal to zero in numerical simulation. In this 

case, the result is identical between analytical and numerical 

simulation, indicating the validity of the approach, for example 

as shown in Fig. 7 in case of sample T4 for both 3F4. 

 
Fig.7: Comparison between analytical simulation 

(neglecting P22) and numerical simulation (with P22=0) for 
3F4 level of sample T4 

5. RESULT AND DISCUSSION 
The calculations from the mentioned models can assist with the 

design process and they can also be utilised to examine the 

population of the thulium-doped tellurite systems. Through 

solving the differential rate equations, the populations in levels 

4, 3, 2, and 1 are calculated for all samples. [18]. The 

population at each level were compared with same population 

in numerical simulation which investigated in Ref [13]. It is 

clear that the difference is obvious and vary according to pump 

power and energy level as shown in Fig. 4 (a),(b),(c), and (d), 

which illustrates the populations as a function of pump power 

of 3H6, 
3F4,

3H5, and 3H4 respectively for both analytical 

simulation with no consider reverse cross relaxation and 

numerical simulation with reverse cross relaxation. It is 

noticeable also that as the pump intensity increase as the 

difference increases. 
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(c) 

 
 

(d) 
Fig. 8: The population of N1,N2,N3 and N4 levels for sample 

T0.36,T1.08,T4 and T7 using both numerical (N) and 

analytical (A) (solid lines numerical simulation) and (dot 

lines analytical simulation) 

6. CONCLUSION  
This paper shows the impact of the reverse cross relaxation on 

the various samples of Tm-deoped tellurite glass. This study 

has been able to define a set of spectroscopic parameters for 

Tm-doped tellurite glasses able to predict the reverse process 

over a wide doping level interval. To achieve this, it completed 

the available parameter with the inverse cross-relaxation 

process constant in Ref [13]. This paper proposed a method to 

assess the impact of the reverse cross-relaxation process. This 

method calculates the difference in calculations that occurs 

when neglecting reverse cross relaxation process and it 

assessed this difference over a range of doping levels. This 

method proved the validity of the approach used in the 

numerical simulation which used in the Reference [13] with 

respect the reverse cross relaxation. This paper also 

demonstrated that should be take into account the whole 

parameters including the reverse cross-relaxation process to 

performance simulations precisely. Within the aim of this 

paper, it showed that the appropriate calculation of reverse 

cross-relaxation parameter may have a significant effect on the 

simulation of laser and amplifier devices.  

This set will allow laser engineering to appropriately simulate 

active device and to find the optimum doping level. This study 

also will enable scientists' laser to determine the appropriate 

glass for the desired application. It also will enable researchers 

to study and predict the behavior of thulium laser accurately, 

where this study take into account the whole set of parameters, 

including reverse cross-relaxation process.   
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