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ABSTRACT

For any graph G = (V, E), the block graph B(G)is a
graph whose set of vertices is the union of set of blocks of
G in which two vertices are adjacent if and only if the
corresponding blocks of G are adjacent. For any two
adjacent vertices u and v we say that v weakly
dominates u if deg(v) < deg(u). A dominating set D of a
graph B(G) is a weak block dominating set of B(G), if
every vertex in V[B(G)] — D is weakly dominated by at
least one vertex in D. A weak domination number of a
block graph B(G) is the minimum cardinality of a weak
dominating set of B(G). In this paper, we study a graph
theoretic properties of y,,5(G) and many bounds were
obtained in terms of elements of G and the relationship
with other domination parameters were found.
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1. INTRODUCTION

We consider finite, undirected, simple graphs. Let G be a
graph, with vertex set V and edge setE. The open
neighborhood of a vertex

veVis Nw)={ueVluwweE} and the closed
neighborhood is N[V] = N(V) U {v}. For a subset S <
V, the open neighborhood is N(S) =U,es N(v) and the
closed neighborhood is N[S] = N(S) U S. If v is vertex of
V, then the degree of v denoted by deg(v), is the
cardinality of its open neighborhood. By A(G)=A we
denote the maximum degree of a graph G. The minimum
distance between any two furthest vertices of a connected
graph G is called the diameter of G and is denoted by
diam(G). In literature, the concept of graph theory
terminology not presented here can be found in Harary [6].

A set S V(G) is said to be a dominating set of G, if
every vertex in V — S is adjacent to some vertex in S. The
minimum cardinality of vertices in such a set is called the
domination number of G and is denoted by y(G).

Further, A set F of edges is an edge dominating set, if for
every edge e € E — F there exist an edge f € F such that
e and f have a vertex in common. The edge domination
number y'(G) of a graph G is the minimum cardinality of
an edge dominating set of G see [15].

A dominating set S € V(G) is called the total dominating
set, if for every vertex v e V, there exist a vertex u € S,
u#v such that u is adjacent to w. The total
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dominationnumber of G is denoted by y.(G) is the
minimum cardinality of total dominating set of G. This was
introduced by Cockayne [2].

In [12] Hadetniemi and Laskar defined a connected
dominating set. A dominating set S € V(G) is connected
dominating set, if the induced subgraph <S> is
connected. The connected domination number y.(G) of a
graph G is the minimum cardinality of connected
dominating set of G.

An independent domination of a graph G was studied by
Allan [1]. A dominating set D of a graph G = (V,E) is an
independent dominating set, if the induced subgrapg
< D > has no edges. The independent domination number
i(G) of a graph G is the minimum cardinality of an
independent dominating set.

A dominating set S < V(G) is called the double
dominating set for G, if each vertex in V is dominated by
at least two vertices in S. The double domination number
¥aa(G) of G is the minimum cardinality of a double
dominating set of G see[7].

Analogously, a set S € V(G) is a Restrained dominating
set of G, if every vertex in V — S is adjacent to a vertex in
S and another vertex in V — S. The Restrained domination
number of a graph G is denoted by yges;(G) is the
minimum cardinality of a Restrained dominating set in G
see in [5].

A dominating set S<cV(G) is called the Perfect
dominating set of G, if each u e V(G) — S is dominated by
exactly one element of S. The Perfect domination number
of G, denoted by y,(G) is the minimum cardinality of a
Perfect dominating set of G. This was introduced by
Cockayne [4].

The lict graph n(G) of a graph G is the graph whose set of
vertices is the union of set of edges and the set of
cutvertices of G in which two vertices are adjacent if and
only if the corresponding edges are adjacent or the
corresponding members of G are incident formed in [14].

A set S € V(G) is a cototal dominating set, if the induced
subgraph <V —S > has no isolated vertices. The cototal
domination number y.,.(G) is the minimum cardinality of
a cototal dominating set of G defined in [13].

A dominating set S € V(G) is a split dominating set, if the
induced subgraph <V — D > is disconnected. The split
domination number y;(G) of a graph G is the minimum
cardinality of a split dominating set in [13].

A dominating set D < V(G) is the strong split dominating
set, if the induced subgraph<V —D > is totally
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disconnected with at least two vertices. The strong split
domination number y,,(G) of a graph G is the minimum
cardinality of a strong split dominating set of G see [13].

In [13] a dominating set D € V(G) is a nonsplit
dominating set, if the induced subgraph <V —D > is
connected. The nonsplit domination number y,,4(G) of a
graph G is the minimum cardinality of a nonsplit
dominating set.

A dominating set D <€ V(G) is a strong nonsplit
dominating set, if the induced subgraph <V —D > is
complete. The strong nonsplit domination number y,(G)
of G is the minimum cardinality of a strong nonsplit
dominating set formed in [13].

In [26], Sampathkumar and Pushpa Latha have introduced
the concept of weak and strong domination in graphs. A
subset D € V is a weak dominating set (WDS) if every
vertex ueV —S is adjacent to a vertex ve D, where
deg(u) = deg(v). The subset D is a strong dominating set
(SDS) if every vertex veV — S is adjacent to a vertex
ueD, where deg(u) =deg(v). The weak (strong,
respectively) domination  number v, (T)(ys(T),
respectively) is the minimum cardinality of a WDS(a SDS,
respectively) of G. Strong and weak domination have been
studied for example in [8,9,16,23,24,25]. For more
details on domination in graphs and its variation see the
two books [10,11]. Farther domination related graph
valued functions has been studied in
[17,18,19,20,21,22].

In this paper we initiate the study of weak block
domination in graphs.

2. RESULTS

We begin by the following straight forward observation.

Observation 1: Every weak block dominating set of a
graph G contains all the end vertices of G.

Next result is a lower bound on the weak block domination
number for trees.

Theorem 2.1: For any nontrivial tree T, y,,,(T) = y(T).

Proof: Let D = {v;,v,,vs, ..., v} S V(T) such that
N[D] = V(T). Then D itself is a dominating set of T. Let
A ={es, e, €3 ...,eq} be the edge set of Tand B =
{vy,v0,v3, .., v} = V[B(T)] be the set of vertices
corresponding to the edges of A and has no end vertices.
Now we consider a set B; € B be the set of minimum
degree vertices which are nonend vertices in B(T).
Suppose B, € B, such that N[B,] = V[B(T)]. Then B, is
dominating set of B(T). Which is also a vy — set.
Hence |B;| = |D| gives required result.

Further, if  B(T) has end vertices  then,
C = {vq,V,, V3, ..., Uy, } be the set of end vertices in B(T).
Since B, is yy — set, by the definition it is also true that
{B, U C} forms a yy s — set. Hence, again |{B, U C}| =
|D| and gives yy5(T) = y(T).

Now we establish the relationship between domination
number, strong split domination with weak block
domination number.

Theorem 2.2: For any tree T, yug(T) < yes(T) +
y(T) + 1.

Proof: Let D = {v;,v,,v3,...,v,,} € V(T) be the set of
nonend vertices such that N[D] =V[T]. ThenD is a
minimal dominating set of T.

If for every v; e V — D, with deg(v;) =0and <V —D >
has at least two vertices, then D is a ys, —setof T.
Otherwise  if  there  exists a  vertex  set
H = {v4,v,,v3, ..., } and every vertex of H is incident to
at least one edge, where H €V —D. Now consider
Hi €H Vv, €E<H—-H; > deg(vy))=0and <V —
{DUH;}> has at least two isolated vertices. Clearly
{DUH,}isays —setof T.

Let A = {by, by, bs, ..., b, } be the set of blocks in T. Then
Ay = {vq, V3,3, ...,0} = V[B(T)] corresponding to the
blocks of A.Consider J as a dominating set of B(T).
Suppose V v; € ], deg(v;) < deg(v;), Y v; € V[B(T)] —
J. Then J itself is a weak dominating set of B(T). If not,
then there exists a set S CSV[B(T)]—J such that
deg(vy) < deg(v;), Vv, €S, hence the set J U {S} gives
a weak dominating set of B(T). So that |JuU{S}| <
|D U H,| + DI + 1, gives ywp(T) < vss(T) +y(T) + 1.

The following result gives an upper bound on yy5(T) in
terms of vertices and maximum degree of G.

Theorem 2.3: for any nontrivial (p,q) tree T,
Ywe(T) <p — A(T).

Proof: Let E = {v;, v, vs, ..., v;} be the edge set of T.
Then D = {v;,v,, v3, ..., v, } be the set of vertices in B(T)
corresponding to the edges of E. Let D; € D be the set of
all end vertices. Suppose D, € D be the set of vertices
with minimum degree which are adjacent to the cut
vertices of B(T) and covers all the vertices of B(T). Then
D, is minimal dominating set of B(T).

If D; #+ @, then D, U D; forms a yy,p — set. Otherwise D,
itself is a yyp — set. Since for any tree T, there exist at
least one vertex v, deg(v) =A(T) and p =V(T). It
follows that |D,uD;|or |Dy| <|V(T)|— A(T).
Hence yy5(T) < p — A(T).

In the following theorem we establish the relation between
Yws(T), Veor(T) and diam(T).

Theorem 2.4: For any non trivial tree T with n > 2
blocks, ywg(T) < Veoe (T) + diam(T) + 1.

Proof: Let J = {ej, e,, €3, ..., e,} € E(T) be the minimal
set of edges which constitute the longest path between any
two distinct vertices u,v e V(T) such thatdist(u,v) =
diam(T). Let D ={vy,v,,v;3 ...,v,} SV(T) be the
minimum set of vertices which covers all the vertices in T.
Suppose the subgraph < V(T) — D > has no isolated
vertex then D itself is a y.,; — set of T. Otherwise if there
exist a set H={vy,vyvs..,v} SV(T)—D with
deg(v;) =0, 1 <i<j. Now we make deg(v;) =1 by
joining vertices {v, } S V(T)—D and N(v;)e{v,}.
Clearly D; =DUH —{v,} forms a minimal cototal
dominating set of T.

Suppose B = {by, by, b, ..., b,,} be the set of vertices of
block graph B(T). Suppose B; € B V v; € B; has
deg (v;) < A[B(T)] and N[B,] = V[B(T)] and deg(v;) <
deg(vj), Vv v; € V[B(T)] — By. Then By is ayyp — set. It
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follows that |B;| < |D;|+ diam(T) +1 which gives
Yws(T) < Yeor(T) + diam(T) + 1.

In the following theorem we develop the relation between
Yws(T), Yres(T) and diam(T).

Theorem 2.5: For any non trivial tree T withn >
2 blocks, Vywp(T) < Yres(T) + diam(T) + 1.

Proof: Let F={e; e, €3, ...,e,} SE() be the
minimal set of edges which constitute the longest path
between any two distinct verticesu, v e V(T) such that
dist(u,v) = diam(T).

Suppose B = {vy,V,, V3, ..., Ui} € V(T) be the set of all
end vertices. Suppose S = BU B’, where B'c V(T) — B
be the set of vertices covering all the vertices with
diam(u,v) >3, Vu€B, Vv €B’  or for every
vertex w € V(T) — S, there exists at least one vertex
z €V(T)—S such that wz is an edge inV(T) —S.
Clearly S forms a minimal yg.s — set of T.

Let E = {e,, ey, €3, ...,e,} be the set of edges in T. Then
A = {vy,v,,v3,...,v} = V[B(T)] corresponding to the
edges of E. Suppose A; € 4, ¥ vj € Ay, deg(v;) = 1 and
A, S A be the set of minimum degree vertices which are
adjacent to a cut vertex of B(T), since each block of B(T)
is complete and covers all the vertices of B(T). Then
{A; UA,} is a minimal weak dominating set of
B(T). Clearly |A; U A,| < |S| + |F| + 1. Hence
Yws(T) < Vres(T) + diam(T) + 1.

Roman domination: The concept of Roman
domination function (RDF) was introduced by Cockayne
[3]. A Roman domination function of a graph ¢ = (V,E)
is a function f:V — {0, 1, 2} satisfying the condition that
every vertex u for which f(u) = 0 is adjacent to at least
one vertex v for which f(v) = 2. The weight of a Roman
dominating function in G is the value of f(v)=
Yuev f(1). The Roman domination number of a graph G is
denoted by yr(G), equals the minimum weight of a
Roman dominating function on G.

Further, we relates y5(T) with Roman domination
number and domination number.

Theorem 2.6: For any (p, q) tree T, ywp(T) <
YR +y(M + 1.

Proof: Let § = {v;,v,,vs, ...,v,} € V(T) be the set of
vertices with deg(v;) =2, Vv; €S, 1 <i < n. Further,
let there exist a set S; € S of vertices with diam (u,v) >
3, Yu,v €5; which covers all the vertices in T.
Clearly, S; forms a dominating set of T. Otherwise, if
diam(u,v) < 3, then there exists at least one vertex
x ¢ S, such that S'=5; U {x} forms a minimal y — set
set of T. Suppose f:V(T) — {0,1,2} and partition the
vertex set V(T) into (V,,V4,V5) induced by f with
|[V;| =n,; fori=0,1,2. Suppose the set V, dominates V,,
then H = V; UV, forms a minimal Roman dominating set
of T. Suppose D be a yyp — set of tree T and assume
E ={ej, e, €3, ...,e,y =E(T). Let E;SE be the
minimum degree edges in T and E, < E be the maximum
degree edges in T. If E, € E, and since {E} = V[B(T)],
then {E; U E;} € V[B(T)]. So that V¥ v; € V[B(T)] — {E; U
E,} is adjacent to at least one vertex of {E; U E,}. Further
if deg (v;) € V[B(T)] — {E, U E,} is greater than or equal

to deg(v;) € {E; UE,}. Clearly {E; UE;}=D. Hence
{E; UE}| < |H|+|S|1+1 and implies yup(T) <
Yr(T) +y(T) + 1.

The following theorem gives upper bound for edges of tree
in terms of y, (T) and yy 5 (T).

Theorem 2.7: For any non trivial tree T, then y,(T) +
Ywe(T) < q, T # ps.

Proof: Let D = {v;,v,,vs,...,v,} S V(T) such that
N(Ui)nN(U]‘) =0, VUi,U]' €D. Let
S ={vy,v,, V3, ..., U} € V(T) — D be the minimal set of
vertices which covers all the vertices in T. Suppose every
vertex v, € V(T) — S is adjacent to exactly one vertex of
S.ThenSisay, —set of T.

Let H = {eq, ey, €3, ..., e} be the edge set of T. In B(T),
M = {v4,v,,v3, ..., v }= V[B(T)] corresponding to the
edges of H. Now we consider a set M; € M be the set of
end vertices in B(T). Let M, € M be the set of minimum
degree vertices which are nonend vertices in B(T).
Suppose M; € M, and N[M; UMs] =V[B(T)]. Then
S ={M; U M3} is a yyp — set of B(T). Thus |S| + |[M; U
M;| < |E| which gives y,(T) + yws(T) < q.

The following theorem gives an upper bound for yy, 5 (T).

Theorem 2.8: For any non trivial tree T, yy5(T) <
Vn(T) + VC(T) -1

Proof: Let V| = {vy,v,,v3, ..., v,} € V(T) be the set of
all nonend vertices in T. Suppose there exists a minimal set
of vertices S = {vy,v,, v3, ..., 4} € V;. Such that N[v;] =
V(T), Vv; €S, 1<i<k. Then S forms a minimal
dominating set of T.

Further, if the subgraph < S > has exactly one component,
then S itself is a connected dominating set of T.
Suppose S has more than one component, then attach the
minimum set of vertices S' of V; — S, which are in every
u—w path, VwWEeS, VueV,—S gives a single
component. S; =SUS’. Clearly S; forms a minimal
Y. — set of T.

Let E; ={ej, 5 €5, ...,e5} S E(T), deg (e;) = 3,
1<i<n and E, =E(T)—E;. Since V[n(T)]=E; U
E, UC, Vv; €C is a cutvertices of T. Then there exists a
minimal set E; < E; which covers all the vertices of n(T).
Clearly E; forms a minimal y,, — set of T.

Now we consider the tree T such that each block of T is an
edge. Let B = {B;, By, B3, ..., By} be the set of blocks in T.
Suppose F = {v4,v,, Vs, ..., v} € V[B(T)] be the set of
vertices with deg(vj) > 1. Suppose there exists a vertex
set DS F with N[D] =V[B(T)] and if |deg(x)—
deg ()|<1. Vx €V[B(T)]-D, vyeD. Then D
forms a weak block dominating set of T. Otherwise there
exists at least one vertex {w} € F where {w} & D such that
DU {w} forms a minimal yyp — set.It follows that
ID| < |Ef|+ 1Sl = 1. Clearly  yup(T) <y (T) +
YC(T) -1

Theorem 2.9: For any tree T, yup(T) <y'(T)+
Ye(T) + A(T) + 1.
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Proof: Let F' = {e;, e, €3, ..., e} be the set of all end
edges in T. Suppose E —F =1, then S €I forms an
y — set of T. Further, if E — F' = @, then there exists at
least one edge {e} € F’ such that S = {e} forms a minimal
edge dominating set of T. If A = {v;, v,, v, ..., v} be the
minimal set of vertices with deg (v;) 22,1 <i<n and
N[v;] = V[T]. And if the subgraph < A > has no isolated
vertex, then A itself is a minimal total dominating set of T.
Otherwise, if there exists a vertex x € A, deg(x) = 0, then
attach a vertex which is N(x) and < AU {x} > has no
isolates. Then A U {x} is a minimal total dominating set of
T.

Let J = {e,, €3, €3, ..., e} be the edge set of T. In B(T),
D = {vy,v;,v3, ..., v} = V[B(T)] corresponding to the
edges of J. Suppose D; € D be the end vertices of B(T).
Let D, € D be the nonend vertices with minimum degree
and N[{D, UD,}] =V[B(T)] with the property that
deg(u) = deg(v), Vu e€eV[B(T)]-{D,uD,} and
v € {D; U D,}. Hence {D; U D,} forms a minimal weak
block dominating set of T. Since for any tree T, there exists
at least one vertex v € V(T) with deg(v) = A(T). Clearly
[DyUD,| < |S|+|A+{x}|+A(T)+1 which gives
Ywe(T) < v/ (T) +y(T) + A(T) + 1.

Theorem?2.10: For any non trivial T, yy5 (T) < y5(T) +
a,(T) + E] + 2. where C is the number of cut vertices in
T.

Proof: Let B={v;,v,vs..,v,} SV(T) be the
minimal set of vertices with dist(u,v) = 2 forall u,ve B
covers all the edges in T. Clearly, |B| = ag(T). Let
D c V(T) be the set of vertices such that N[D] = V(T)
and if the subgraph < V(T) — D > contains more than one
component, then D forms a split dominating set of T.
Otherwise there exists at least one vertex {u} e V(T) — D
such that < V(T) — D — {u} > yields more than one
component. Clearly, D U {u} forms a minimal y; — set of
T.

Let A ={eq, e, €3, ..,,} be the edge set of T. Let
H = {uy,uy,uz, ..., up} = V[B(T)] be the set of vertices
corresponding to the edges of A. Let ] < H be the set of
vertices with deg (w) =1 for every we] such that
N[J]=V[B(T)] and if Vv; €] has degree at least 2
andv; € V[B(T)] -] and deg(vj) > deg(v;). Then |
forms y,,5 — set. Let C be set of cut vertices which are
nonend vertices in T which gives | J| < [D U {u}| + |B| +

E] + 2. Clearly yy(T) < y5(T) + ao(T) + E] +2

Theorem2.11: For any tree T, yup(T) <i(T)+
ag(T) + A(T) + m—1 wherem is the number of
support vertex in T.

Proof: Suppose A = {vy,v,,v3, ..., v, } € V(T) be the set
of vertices which covers all the vertices in T. Further, if the
<A>Vuv; €A deg(v)) =0, 1<i<n,then A itself is
an independent dominating set of T. Otherwise S = A'U I,
where A'€A and ISV(T)—A forms a minimal
independent dominating set of T. Let
C = {uq, Uy, uz, ..., uy} S V(T) be the minimal set of
vertices which covers all the edges in T then |C| = a,(T).

Suppose V = {vy,v,, v3, ..., v} be the set of vertices in T
then there exists at least one vertex v €V such that
deg(v) = A(T).

Let M = {vy,v,,v3,...,v} be the set of all support
vertices in T with |M| = m.

Suppose S = {ey,e,, €3, ..., e,} be the set of edges inT.
Then H = {v,v,, 3, ..., 1, } be the set of vertices in B(T)
corresponding  to  the edges of S. Let
H, = {vy,v,,v3,...,v;} € H be the set of cutvertices in
B(T), since deg(v;) = deg(vj), Vv; € H and Vv; €
H — H,. Let D be the weak dominating set of B(T) such
that D c<S{H-H;} and hence |D|<|S|+]|C|+
|deg (V)| + M| —1 which gives yyup(T) <i(T) +
ao(T) + A(T) + m — 1.

We establish the following upper bound for yy, 5 (T).

Theorem 2.12: For any tree T, yug(T) < yw(T) +
A(T) + 2.

Proof: Let F = {vy,v,,v3, ..., v} € V(T) be the set of
vertices with deg (vj) =1, 1<j<k. Suppose there
exists a vertex set D € F with N[D] =V(T) and if
|deg(x) —deg ()| <1, Vx €[V(T)]-D, Vy €D.
Then D forms a weak dominating set in T. Otherwise there
exists at least one vertex {w} € F with {w} & D such that
D U {w} forms a minimal y,, — set in T.

Let H = {uy, uy, ug, ..., un} = V[B(T)], suppose S < H be
the set of vertices with deg(w) = 1 for every w € S such
that N[S] = V[B(T)] and if V¥ v; € S has degree at least
2 and v; € V[B(T)] — S and deg(v;) > deg(v;). Then S
forms yy s — set. For any graph T, there exists at least one
edge e € E(T) with deg(e) = A'(T). Clearly it follows
that |S| < |[DU{w}| +|deg(e)|+2 gives yup(T) <
yw(T) + A'(T) + 2.

Theorem 2.13: For any tree T, with n > 2 blocks then

VWB(T) > [diamng)+1].
Proof: Let vV = {v;, v,,vs, ..., vj} be the set of all vertices
in T such that there exists 2 vertices u,v € V(T) and
dist(u,v) forms a diametral path in T. Clearly,
dist(u,v) = diam(T). Let F = {eq, ey, €3, ..., €,} be the
set of edges in T and F € E(T). Then in B(T), D =
{vy,v,,v3,...,v,} which corresponds to Ve; €F. Let
deg(e;), Ve; €F and deg (e;) Ve €E(T)—
F such that deg(e;) <deg(e). Suppose D; =
{vy, V5,3, ..,v;} €D and N[D;] =V[B(T)]. Then D,
forms a yy, 5 — set. It follow that |D;| = [dmmfmﬂl

YWB(T) > [diamg(T)+1].

, gives

A relationship between weak block domination number
and the edge covering number of T is given in the
following result.

Theorem 2.14: For any nontrivial tree T, ¥,(T) <
Yws(T) + a1 (T) + 1.

Proof: Let A = {e;, e, €3, ..., e,} S E(T) be the edge set
of T.Suppose B = {v,,v,, ..., v} be the set of vertices
which are incident with the edges of A and if |B| = p.
Then A itself is an edge covering number. Otherwise
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consider the minimum number of edges, {e,,} € E(T) — A
such that A; = AU {e,,} forms a minimal edge covering
set of T. Let D = {vq,v,,...,v,} S V(T) is a dominating
set T. If a vertex v € D there exists a vertex u € V(T) — D
such that N(w)nD = {v} gives minimum nonsplit
dominating set such that |D| = y,,(T).

Suppose {b4, by, bs, ..., b,} be the set of vertices of B(T)
corresponding to the blocks {By,B;, B3, ..., By} of T. Let
S ={by, by, b3, ...,b,} where m<n is a minimal
dominating set of B(T) such that V[B(T)]-S =N,
Vv; €N, deg(v;) Sdeg(vj), Vv; €S. Then |S|=
ywe(T). Hence [D|<I|S|+|A1l+1 gives yus(T) <
Yws(T) + a1 (T) + 1.

Theorem 2.15: For any nontrivial tree T, yens(T) <
Yws(T) +v(T) + 2] + 2.

Proof: Let K = {uj,up,us,...,u,} S V(T) such that
N[u;]nN[w] =@ wherel<i<n, 1<, <n.Suppose
there exists a minimal set K; = {uy, uy, us, ..., ux} € N(K)
such that the subgraph < K U K; > has no isolated vertex.
Further, if K U K; covers all the vertices in T, then K U K;
form a minimal total dominating set of T. Now suppose
each block of T is an edge. Then
V(T) = {vy,v,,v3,..,,} and there exists a set H =
{vi,v5,v3, ., v}, 1<i<n, H SV(T) such that
v, v e V(T)and v, v, € E(T). Hence V(T)-{H}=
v}, v is complete. Clearly H is ys,,s — set.

Suppose A = {e;, e,, €3, ...,e;} = E(T) be the edge set of
T. InB(T), let S = {uy,uy, us, ..., u,} = V[B(T)] be the
set of vertices corresponding to the edges of A. Suppose
D < S be the set of vertices with deg(w) = 1 for every
weD. Assume there exists D' S D such that Vu; € D’
deg(u;) < deg(uy), V w, €V[B(T)]-D". Clearly D’
forms a weak block dominating set of T. Hence |H| <

D+ KUK +[“2]+2.  Clearly (D) <

2
Yws(T) +ve(T) + 2] + 2.

In the following theorem we establish the relation with
double domination number of T.

Theorem2.16: For any tree T, y44(T) < yws(T) + q.
Equality holds for K ,,.

Proof: Let D be the minimal dominating set of T. If
F = {uq,uy,us, ..., ur } be the set of all end vertices in T.
Then FUH = D® where H € V(T) — F forms a double
dominating set of T, such that [N(w)nND4|>2, V€
V(T) — D4.

Let E; = {ey, e, €3, ...,e,} be the set of edges in T and
E, € E(T). Then in B(T), D = {vy, v3,V3,..., 0} be the
set of vertices corresponding to E. Let deg(e;), Ve; € E;
and deg(e;) V e € E(T)—E; such that deg(e;) <
deg(e;). Suppose Dy = {vy,vy,...,v;} € D and N[v,] =
V[B(T)], Vv, € Dy, 1 <k <i. Then D; forms yyp —
set. It follows that |D?|<|Dy|+|E(T)|.  Hence
Yaa(T) < yws(T) +q.

To see the sharpness consider stars of order at least three.
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