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ABSTRACT

In this paper the multivariate allocation problem with upper
limits on the available costs for various characters is
considered. This problem is formulated as a separable
programming problem and then solving it by separable
programming approach. A numerical illustration is also given.
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1. INTRODUCTION

The problem of sample allocation in multivariate stratified
sampling has drawn the attention of the researchers for a long
time starting apparently with Neyman (1934) [1]. Several
criteria of allocation are put forward in the literature. For
example, Ghosh (1958) [2] has considered an allocation based
on the minimization of generalized variance. Yates (1960) [3]
has suggested a procedure in which the cost is minimized for
given precision for the estimate of each characteristic.
Cochran (1963) [4] suggested the use of the average of
individual optimum allocation for various characters. Kokan
and Khan (1967) [5] gave an analytical solution to the above
problem. Rao, T. J. (1993) [6] has reviewed many of the
available criteria of allocation and also suggested new
procedures.

We consider the multivariate allocation problem when the
costs of enumerating the different characters have been fixed
as upper limits. The objectives to be minimized are the
variances of the estimates for various characteristics. The
problem is formulated as a non-linear programming problem
with linear objective function and several non- linear convex
constraints, which is of separable nature. In this paper, an
approximate solution to this problem is obtained by using
separable programming technique.

2. STATEMENT OF THE PROBLEM

Consider a multivariate population partitioned into L strata.
Suppose that [ characteristics are measured on each unit of

the population. We assume that the strata boundaries are fixed
in advance. Let Nj be the number of units drawn without

replacement from it sratum (i=12,..,L). et Nj be

the size of the ith stratum.For jth character, an unbiased

estimate of the population meanY_j (1=12,..,p),
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denoted by yjst has its sampling variance

— L l 1 22
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Substituting ajj :Wizsi%, we get
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Let Cij be the cost of enumerating the jth character in the

it stratum and let C j be the amount received for jth

character. Then assuming linear cost function, the cost of the

ZL:Cijni <C;,

i=1

survey may be expressed

ji=12,...p (2.2)

Further, the survey is to be conducted in such a way that the
variances for all the P characteristics are minimized.
L ajj
J
z T

(Ni,s are given)
i=1Nj

Where ajj =Wi25§1

1
Using the transformation — = X;, the allocation problem
n.
i
reduces to the following multi-objective convex programming
L
Minimize V, = > a;x,,

i
i=1

problem LC (2.3)
Subjectto > —-<C,, j=12,..p
i1 X
Loy« i=12,..L
Ni

As both the objective function and the constraints are
separable, it is possible to write the problem (2.3) in the form
of a separable programming problem as follows:
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L
Minimize ) f; (%)

i=1

L (2.4)
Subjectto ) g (x)<C;, j=12,...p

i=1

Lex<, i=12,..,L

N,

Wheref (x) a. x

ij i

Cij )
gIJ(X|)—7, i=12,..,L

3. SOLUTION USING SEPARABLE
PROGRAMMING

The non-linear functions Gjj (Xj ) can be approximated by
piecewise linear functions. Let the feasible range of the
variables be Xj , given by the interval [er;, £ ]and choose a
set of M;grid points ¢ (r=1,2,,...,m;) such that

& =y <Ay <. <G =

Every point Xj in the grid [, , @, ] can be expressed as

ir?

X =A O + A 0 O (3.1)

i,r+l
Where  4;, +Ajrs1=1

and Ajr = o-ﬂ'i,r+1 =0

A linear approximation for a function gij (Xi) in the grid
[air ' air+1] is
gij (%) =4 gij () +Aira gij (ai,r+1) - In general for
X;&[c, B]. the piecewise linear approximation Gijj (Xj)

interval is

can be written as

Qij x)= Zl/’l’lr g;; () (32)

3

Wlth Xi :Zﬂ’wair7 Z/’i’lr :1’ ;iir 20’
r=1 =
Forr=12,....m

Provided for each, 1 at the most two adjacent Aj are
positive.

An approximating linear program to the non-linear separable
program (2.4) is thus obtained as

Minimize Z = 221 g, (a,) (3.3)
i=l r=l
Subject to ZZA‘,g () i=12,..,p
i=1 r=1
D A =14,20 r=12,.,m

Problem (3.3) is a linear programming problem and can be

solved by simplex method using restricted basis entry rule for
separable functions Hadley (1964)[7].Theoptimal values of

,1,; (r=12,...m &i=12,..L) obtained by solving

problem (3.3) yield an approximate optimal solution X to the
original problem (2.4) as

n;
X => Ava,, i=12,.,L

r=1
Example: Consider an allocation problem with one character
(p=1) & twostrata (L = 2), with following information:

! Wi Siy Siz Cia Ci2 N,

1
1 0.3 2 3 0.6 1.5 18

2 0.45 4 1 0.8 2 27

The variance coefficients matrix is given by:
0.36 0.81

()=
3.24 0.2025

Let us fix the budget at 80 and 100 units.

Using the above information the problem in (2.3) will be as
follows:

Thus,

Min.V =1.17x, +3.4425x,

St 0.6 0.8

o, =0.055, o, =0.2912, ¢, =0.5275, o, =0.7367, o5 =1
a,, =0.055, a,, =0.2912, a,, =0.5275, a,, =0.7367, a,s =1
The piecewise linear approximation to the function
f,(x)=117x%, f (xz) =3. 4425x2
911(X1)=Il 912( 2)_ X gzl(x1)_ X, ) gzz( 2)—7 are

2 2

f (x)=0.0644, +0.3414,, +0.6174, +0.8624,, +1.17,

f,(%,) =0.1894,, +1.0034,, +1.816,, + 2.5364,, +3.4431,,
G,,(%) =10.9094,, +2.0604,, +1.1374,, +0.8144,, + 0.6,
G,,(%,) =14.5451,, +2.747 4, +1.517 4, +1.086,, + 0.8,
G,,(x) =27.2734,, +5.1510,, + 2.844.1,, +1.964.1,, +1.54,
Gy (X,) =36.3644,, +6.868,, +3.7911,, +2.6194,, + 2.0,

Thus the approximated separable programming problem
becomes

Minimize f1(xq)+ f2(x2)
St 0., (%) + 35, (X,) <80
ng(x:L) + ggz (X2) < 100

/111 +/112 +/113 +/114 +/115 =1
/121 +/122 +/123 +/’L24 —0—/125 =1
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Solving the above linear programming problem by simplex
method using restricted basis entry rule. The optimal solution
is given by

A1 =1 412 =0, 213 =0, 414 =0, 4415 =0

An =1, A4,, =0, 4,3,=0, 4,, =0, 4, =0

5
Thus, X, = Zﬂuau = 0.055
r=1

5
X, = > A, a, =0.055
r=1

With Min. Z =0.2537

4. CONCLUSION

In this particular example the optimal solution for the varying
intervals(3,5 and 9) is same i.e., MinimumZ=0.2537with

X, =0.055 and x, =0.055
5. FURTHER STUDY

This can be checked for other examples whether the no. of
intervals make any difference to the optimality of the solution
or not and if us then how many no. of intervals.
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